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We present analytic solutions of Maxwell equations for infinitely long cylindrical conduc-
tors with nonvanishing electric charge and currents in the external background spacetime
of a line gravitomagnetic monopole. It has been shown that vertical magnetic field aris-
ing around cylindrical conducting shell carrying azimuthal current will be modified by
the gravitational field of NUT source. We obtain that the purely general relativistic
magnetic field which has no any Newtonian analog will be produced around charged
gravitomagnetic monopole.
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1. Introduction
General relativity predicts that so called gravitomagnetic monopole or exotic NUT
charge 1 creates a gravitomagnetic field as in electrodynamics Dirac hypothetic
monopole generates magnetic field. In recent years, there exists an interest in prob-
lems related to the general relativistic effects in the gravitational field of NUT
sources. For example, some interesting results devoted to the physical aspects of
the Kerr-NUT spaces have been discussed in papers 2, 6, 4. In particular in 2 Klein-
Gordon and Dirac equations in slowly rotating NUT spacetime have been investi-
gated and in 3 the solutions of the Maxwell equations for the electromagnetic waves
in Kerr-NUT space have been found. In recent papers 5,6 the theoretical effect of
magnetic mass in NUT space on the microlensing light curve and the possibility of
1
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magnetic mass detection using the gravitational microlensing technique have been
studied.
In our previous research 7,8,10,9 the effect of gravitomagnetic field of spinning
gravitating body on the electric current and electromagnetic field has been inves-
tigated on the theoretical level. In fact, the influence of the angular momentum
of the rotating gravitational source may appear as a galvanogravitomagnetic effect
in the current carrying conductors 7 and as a general-relativistic effect of charge
redistribution inside conductors in an applied magnetic field 8. It has been shown
in 10 that the gravitomagnetic interaction with electric field can lead to the applica-
ble general-relativistic effects. The general relativistic effect of ”dragging of inertial
frames” on electromagnetic fields produced by rotating magnetic dipole has been
investigated in our papers 9.
Here we extend our research to the electromagnetic fields of conducting shell
embedded in the NUT space around cylindric gravitomagnetic monopole and find
analytical solutions of the Maxwell equations in this space-time.
The paper is organized as follows. In the section 2 we write the Maxwell equa-
tions in the exterior metric of cylindrical NUT source. In the next section we solve
Maxwell equations in NUT space around i) conducting cylinder carrying electric
current and ii) electric charge put on line gravitomagnetic monopole. We summarize
our conclusions in the section 4.
Throughout, we use a space-like signature (−,+,+,+) and a system of units in
which G = 1 = c (However, for those expressions with a physical application we
have written the speed of light explicitly.). Greek indices are taken to run from 0 to
3 and Latin indices from 1 to 3; covariant derivatives are denoted with a semi-colon
and partial derivatives with a comma.
2. Maxwell Equations In a Spacetime of Line Gravitomagnetic
Monopole
The main approximation in investigation of electromagnetic fields in curved space-
time comes from neglecting the influence of the electromagnetic field on the metric
and by solving Maxwell equations on a given, fixed background. Even for highly
magnetized compact stars the density of magnetic energy is much smaller than the
gravitational one. For example, if ρ is the density of a star of mass M with radius
R the ratio of the magnetic energy into the rest-mass energy
B2
8πρc2
≃ 1.6× 10−6
(
B
1015G
)2(
1.4M⊙
M
)(
R
15km
)3
(1)
is negligible small.
Electromagnetic energy of typical electric field of relativistic compact stars is
also much less with compare to the energy of the gravitational field
E2
8πρc2
∼ 0.2× 10−20
(
E
3× 1010V/cm
)2(
1.4M⊙
M
)(
R
15km
)3
. (2)
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Our second approximation is in the specific form of the background metric which
we choose to be that of a stationary, cylindrically symmetric system truncated at
the first order in gravitomagnetic monopole moment L. This approximation can be
justified by the fact that at the moment there is no any astrophysical evidence for
strong gravitomagnetic mass. For example, in the recent paper 6 the magnetic mass
detection using the gravitational microlensing technique has been explored and it
has been evaluated that the minimum observable magnetic mass to be about 14m.
In a cylindrical coordinate system (ct, r, φ, z), the weak field metric for exter-
nal spacetime of a nonrotating cylindrical star with nonvanishing gravitomagnetic
charge is 11
ds2 = −e−2νdt2 + e2λ (dr2 + dz2)+ r2e2νdφ2 − 2e−2νLzdtdφ , (3)
where the gravitomagnetic monopole momentum L, metric functions λ and ν are
responsible for the gravitational field of gravitomagnetic monopole.
According to the results of the above mentioned paper 11, we can extract de-
pendence of functions e−2ν and e2λ in the following way (see Appendix for details
on the derivation of it)
e−2ν =
1
( r
c0
)2m( L4m )
2 + ( r
c0
)−2m
, (4)
e2λ = r2m
2
[(
r
c0
)2m(
L
4m
)2 + (
r
c0
)−2m] , (5)
lim
L→0
e−2ν = lim
L→0
16m2
( ρ
c0
)2mL2 + 16m2( ρ
c0
)−2m
=
= (
ρ
c0
)2m =⇒ lim
m→0
(
ρ
c0
)2m → 1 , (6)
lim
L→0
e2λ = lim
L→0
ρ2m
2
16m2
[(
ρ
c0
)2mL2 + 16m2(
ρ
c0
)−2m] =
= ρ2m
2
(
ρ
c0
)−2m =⇒ lim
m→0
ρ2m
2
(
ρ
c0
)−2m → 1 , (7)
where c0 and m are integration constants
a. The nonvanishing contravariant com-
ponents of the metric tensor are defined as
g00 = −e2ν , g11 = g33 = e−2λ , g22 = e
−2ν
r2
, g02 = −e
−2νLz
r2
. (8)
The general form of the first pair of general relativistic Maxwell equations is
given by
3!F[αβ,γ] = 2 (Fαβ,γ + Fγα,β + Fβγ,α) = 0 , (9)
where Fαβ is the electromagnetic field tensor expressing the strict connection be-
tween the electric and magnetic four-vector fields Eα, Bα. For an observer with
am is a constant responsible for space-time curvature and for flat metric we choose m = 0.
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four-velocity uα, the covariant components of the electromagnetic tensor are given
by 12
Fαβ ≡ 2u[αEβ] + ηαβγδuγBδ , (10)
where T[αβ] ≡ 12 (Tαβ − Tβα) and ηαβγδ is the pseudo-tensorial expression for the
Levi-Civita symbol ǫαβγδ
13
ηαβγδ = − 1√−g ǫαβγδ , ηαβγδ =
√−gǫαβγδ , (11)
with g ≡ det|gαβ| = −r4 sin2 θ for the metric (3).
“Zero angular momentum observers” or ZAMOs 14 are locally stationary (i.e. at
fixed values of r) observers who are “dragged” into rotation with respect to a refer-
ence frame fixed with respect to distant observers. At first order in gravitomagnetic
monopole moment L they have four-velocity components given by
(uα)
ZAMO
≡ eν
(
1, 0, 0,
e−4νLz
r2
)
; (uα)ZAMO ≡ e−ν
(
− 1, 0, 0, 0
)
.(12)
The general form of the second pair of Maxwell equations is given by
Fαβ ;β = 4πJ
α , (13)
where Jα is the four-current.
It is important to project Maxwell equations onto a locally orthonormal tetrad
because the ’hatted’ components in an observer’s basis define measurable quantities
(see, for example, 15). Using (12) one can find the components of the tetrad {eµˆ}
eα
0ˆ
= eν
(
1, 0,
e−3νLz
r2
, 0
)
, (14)
eαrˆ = e
−λ
(
0, 1, 0, 0
)
, (15)
eα
φˆ
=
e−ν
r
(
0, 0, 1, 0
)
, (16)
eαzˆ = e
−λ
(
0, 0, 0, 1
)
, (17)
carried by ZAMO observer.
Following to 9 and with the definition (10) referred to the observers (12) and
ZAMO orthonormal tetrad (14)–(17), we obtain Maxwell equations (9) and (13) in
useful form
(
reλ+νBrˆ
)
,r
+ r2e2(λ+ν)Bφˆ,φ + re
λ+νBzˆ,φ = 0 , (18)
reλ+ν
∂Brˆ
∂t
= rEφˆ,z − eλ−νEzˆ,φ −
eλ−3νLz
r
Brˆ,φ , (19)
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e2λ
∂Bφˆ
∂t
=
(
eλ−νEzˆ
)
,r
− eλ−νE rˆ,z +
(
eλ−3νLz
r
Brˆ
)
,r
+
(
eλ−3νLz
r
Bzˆ
)
,z
,(20)
reλ+ν
∂Bzˆ
∂t
= −
(
rEφˆ
)
,r
+ eλ−νE rˆ,φ −
eλ−3νLz
r
Bzˆ,φ , (21)
and (
reλ+νE rˆ
)
,r
+ e2λEφˆ,φ + re
λ+νEzˆ,z = 4πre
2λ+νJ tˆ , (22)
e−λ−ν
r
Bzˆ,φ − e−2λBφˆ,z −
e−3ν−λLz
r2
E rˆ ,φ = e
ν−λ ∂E
rˆ
∂t
+ 4πe−λJ rˆ , (23)
eλ−νBrˆ,z −
(
eλ−νBzˆ
)
,r
+
(
eλ−3νLz
r
E rˆ
)
,r
+
(
eλ−3νLz
r
Ezˆ
)
,z
=
= e2λ
∂Eφˆ
∂t
+ 4πe2λ−νJ φˆ + 4π
e2(λ−ν)Lz
r
J tˆ , (24)
(
rBφˆ
)
,r
− eλ−νBrˆ,φ −
eλ−3νLz
r
Ezˆ ,φ = re
λ+ν ∂E
zˆ
∂t
+ 4πreλJ zˆ . (25)
3. Stationary Vacuum Solutions to Maxwell Equations
In this Section we will look for stationary solutions of the Maxwell equation, i.e.
for solutions in which we assume that electromagnetic fields do not vary in time.
In the vacuum region all components of electric current are equal to zero. Due
to the stationarity and cylindrical symmetry of the problem outside NUT source
the electromagnetic field satisfies the source-free Maxwell equations(
reλ+νBrˆ
)
,r
= 0 , (26)
(
eλ−νEzˆ
)
,r
+
(
eλ−3νLz
r
Brˆ
)
,r
= 0 , (27)
(
rEφˆ
)
,r
= 0 , (28)
and (
reλ+νE rˆ
)
,r
= 0 , (29)
− (eλ−νBzˆ)
,r
+
(
eλ−3νLz
r
E rˆ
)
,r
= 0 , (30)
(
rBφˆ
)
,r
= 0 , (31)
the solution of which are determined through the boundary conditions at the surface
of the sample.
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Assume that the line NUT element is carrying electric current I in radial direc-
tion. Then the azimuthal magnetic field in the vicinity of the line element is given
as
Bϕˆ =
2I
r
(32)
and for this case there is no any modification of electromagnetic field arising from
the NUT charge.
We consider a simplified model of the source of electromagnetic field made of
conducting matter filling an infinitely long cylindrical shell. Assume an infinitely
long hollow cylindrical (r1 and r2 are radii of interior and exterior surfaces) con-
ductor carrying electric current in azimuthal direction (I is the electric current per
unit length of the cylinder) is placed symmetrically around the line NUT element.
The vertical magnetic field
Bzˆ = e−λ+ν4πI = 4πIr−m
2
(33)
created by this current is modified by the gravitational field of the NUT line source.
Here we used the relations (4). In the limiting case when m = 0 the magnetic field
(33) reduces to its flat spacetime value.
It is naturally to investigate electromagnetic field generated by the electric
charge being put on the NUT source. Let’s Q is the electric charge per unit length
of the line tube. The external electric field created by the electric charge is defined
as
E rˆ = Q
e−λ−ν
r
=
16m2Qr−m
2
−1
( r
c0
)2mL2 + 16m2( r
c0
)−2m
, (34)
and the magnetic field is
Bzˆ = Qe−λ−3ν
Lz
r2
=
256m4QLzr−m
2
−2
[( r
c0
)2mL2 + 16m2( r
c0
)−2m]2
. (35)
The appearance of the magnetic field being proportional to the NUT parameter L
is purely general relativistic result and has no any Newtonian analog. At the limit
L→ 0 one can see that magnetic field (35) induced by the magnetic mass tends to
zero. In our case it corresponds to the metric with zero gravitomagnetic charge.
One can see from figure 1 that electric field (34) behaviour strongly depends
from gravitomagnetic charge density. In the limiting case of flat spacetime when
m = 0 the electric field (34) reduces to its flat spacetime Coulomb behaviour.
Since there is no an observational evidence for the existence of a gravitomagnetic
mass, the equations (34) and (35) could be in principle used in order to detect the
NUT parameter from analysis of the behaviour of the electromagnetic fields around
astrophysical objects.
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Fig. 1. Dependence of behaviour of electric field E rˆ(r) from gravitomagnetic monopole momen-
tum L. Solid line for L = 1, dashed line for L = 5 and dotted line for L = 10. In all cases
m = 1.
4. Conclusion
We have presented analytic general relativistic expressions for the electromagnetic
fields external to the cylindrical conductor either carrying electric current or having
electric charge in the space-time exterior to line gravitomagnetic monopole which
is considered isolated and in vacuum.
In the case of the carrying current conductor we have shown that the magnetic
field arising around it will be modified by the gravitational field of NUT source. In
the case of the charged conductor an additional purely general relativistic magnetic
field will be induced by the magnetic mass.
In our future research we will present analytical solutions for the electromagnetic
fields of slowly rotating magnetized spherical NUT stars arising from the interplay
between gravitomagnetic charge and electric field.
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Appendix: Comments to generalized cylindrical solution of
Einstein equation ρ2ν
′′
+ ρν
′
−
1
2
exp [−4ν]L2 = 0
Start from the Einstein vacuum equation for unknown metric function ν(ρ) (equa-
tion (12a) from 11)
ρ2ν
′′
+ ρν
′ − 1
2
e−4νL2 = 0 , (A)
which can be rewritten as
ρν
′
(
ρν
′
)′
− 1
2
e−4νν
′
L2 = 0 , (B)
where L is a constant. Equation (B) can be integrated as
(
ρν
′
)2
+
L2
4
e−4ν = c21 , (C)
at ν
′ 6= 0, where c1 is the integration constant and∫
dν√
c21 − L
2
4 e
−4ν
= ±ln
(
ρ
c2
)
, (D)
with the redefined integration constant c2. Introducing now new variable y =√
1−
(
L
2c1
e−2ν
)2
one can easily integrate the expression (D) and after making
simple algebraic transformations obtain solution of the Einstein equation (A)
e−2ν =
4c1
L
(
ρ
c2
)2c1
(
ρ
c2
)4c1
+ 1
=
4c1
L
1(
ρ
c2
)2c1
+
(
ρ
c2
)−2c1 = 4mL
1(
ρ
c
)2m
+
(
ρ
c
)−2m , (E)
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where we put c1 = m and c2 = c. Thus the obtained solution is identical to the
results of Nouri-Zonos (see equations (13) and (14) in the paper 11) if the integration
constants are slightly redefined for the correct description of asymptotical properties
of the solution. It is easy to show that for the dimensional selfconsistence we have
to select that [r] = [c] = [c0] and [L] = [m].
